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Abstract
We study the interactions of the discrete states with nonzero ghost number in c = 1
two-dimensional (2D) quantum gravity. By using the vertex operator representations, it
is shown that their interactions are given by the structure constants of the group of the
area preserving diffeomorphism similar to those of vanishing ghost number. The effective
action for these states is also worked out. The result suggests the whole system has a
BRST-like symmetry.
Much attention has recently been paid to nonperturbative treatment of two-dimensional
(2D) quantum gravity in terms of the matrix model [1, 2]. Most of the remarkable re-
sults there are now understood in the continuum approach using the techniques in the
conformal field theory [3, 4]. There still remain many problems to be clarified, however,
in order to understand the full theory. The problem with which we are mainly concerned
in this paper is the interaction of the so-called “discrete states” in the c = 1 conformal
field theory coupled to 2D gravity [5-9].
In the conformal gauge, the c = 1 quantum gravity may be regarded effectively as a
string theory in two dimensions with suitable background charge. Thus it is expected that
there is only the degree of freedom corresponding to the “center of mass” or “tachyon”,
since there are no transverse directions. However, it has been found that there exist other
discrete degrees of freedom in the c ≤ 1 theory coupled to the 2D quantum gravity, both
in the matrix models and in the Liouville approach [5-9].
The nature of these “discrete states” is most effectively studied in the Liouville theory.
By using the BRST formulation of the c = 1 quantum gravity, all the physical states
characterized by the BRST cohomology have been enumerated and it has been found that
there are indeed an infinite number of physical states with ghost number NFP = 0,±1 at
the discrete values of momenta [6-11]. These states may be interpreted as higher string
states [6], but they exist only for fixed values of momenta, allowing for no usual particle
interpretation.
Recently it has been pointed out that the dynamics of these discrete states are gov-
erned by the symmetry group of the area preserving diffeomorphism [10-15]. For c = 1,
these states with NFP = 0 are known to form representations of the SU(2) Kac-Moody
algebra [10-13,15,16]. By using the vertex operator representation of these states by
means of the SU(2) algebra, Klebanov and Polyakov have computed the three point in-
teractions and have proposed an effective action for these discrete states [11]. This action
is further made complete by including the scalar degrees of freedom [15]. However, the
interactions involving those extra states with NFP 6= 0 have not been studied and their
role in the theory remains elusive. It is thus interesting to examine their interactions and
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try to clarify their role in order to understand the whole structure of the theory.
The purpose of this paper is to fill the above gap and, in particular, determine the
three point interactions of the extra states with NFP 6= 0. We will do this using the
vertex operator representation of these states given for the c = 1 theory [13].
Denoting the c = 1 matter and Liouville fields by X(z) and φ(z), respectively, one
has the energy-momentum tensor
T (z) = −1
2
(∂X)2 − 1
2
(∂φ)2 +
√
2∂2φ. (1)
The discrete physical state are characterized by the SU(2) current algebra defined by
J±(z) = e±i
√
2X(z), J0(z) =
1√
2
i∂X(z). (2)
The states with NFP = 0 are obtained by acting the following operators on the physical
vacuum |0 >≡ |0 >X,φ ⊗c1|0 >bc:
Ψ
(±)
Jm(z) =
√√√√ (J +m)!
(2J)!(J −m)!(J
−
0 )
J−mei
√
2JX(z)+
√
2(1±J)φ(z), (3)
where J−0 is the contour integral over the current J
− around z and J = 1, 2, · · · ;m =
−J,−J +1, · · · , J − 1, J .∗ These generate spin J multiplet with NFP = 0. Their interac-
tions are now known to be described by the symmetry of the area preserving diffeomor-
phism [11, 15].
The extra states with NFP 6= 0 also fall into representations of the SU(2) current
algebra. It has been shown that these states are generated by the following operators [13]
Ψ˜
(−)
J−1,m(z) ∼ (J−0 )J−m−1
∮
z
dw
2pii
cˆ(w)J−(w)
w − z e
i
√
2JX(z)+
√
2(1+J)φ(z), (4)
Ψ˜
(+)
J−1,m(z) ∼ (J−0 )J−m−1
∮
z
dw
2pii
b(w)e−iX(w)/
√
2−φ(w)/√2ei
√
2(J−1/2)X(z)+√2(3/2−J)φ(z),(5)
where the caret on the ghost field c(w) in eq. (4) means that the zero mode c0 is removed.
As has been noted in ref. [13], this is necessary to make the created states in the “relative
cohomology”† and these states form spin (J − 1) representation.
∗For simplicity, we consider integer spin J in this paper.
†In other words, we subtract the states proportional to ∂c(z) in the “absolute cohomology” which are
in spin J representation.
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Applying the operator (4) on the physical vacuum, we easily see that these create
states with NFP = 1
Ψ˜
(−)
J−1,m(0)|0 > ⊗c1|0 >bc
∼ (J−0 )J−m−1
∮
0
dw
2pii
∑
n 6=0
cnw
−ne−i
√
2X(w)|pX =
√
2(J − 1), pφ = −
√
2iJ >,
= (J−0 )
J−m−1 ∑
n≥1
c−nS2J−1−n
(
−
√
2αX−n
n
)
|pX =
√
2(J − 1), pφ = −
√
2iJ >, (6)
in agreement with ref. [8]. Here we have used the Schur polynomial defined by
exp

∑
k≥0
xkz
k

 = ∑
k≥0
Sk(x)z
k. (7)
We can show that other states created by (3)-(5) also agree with those given in ref. [8]
and that these states are BRST invariant.
In order to examine the interactions of these states, we first follow ref. [11] and
compute the operator product expansions (OPEs). From the ghost number conservation
and the dependence on the zero modes of X and φ, we should have
Ψ˜
(+)
J1−1,m1(z)Ψ˜
(−)
J1+J2−2,−m1−m2(0) = · · ·+
1
z
∑
F J2,−m2J1−1,m1,J1+J2−2,−m1−m2Ψ
(−)
J2,−m2(0) + · · · ,
F J2,−m2J1−1,m1,J1+J2−2,−m1−m2 = C
J2,−m2
J1−1,m1,J1+J2−2,−m1−m2g(J1, J2), (8)
where C are the Clebsch-Gordan coefficients and g(J1, J2) is an unknown function to be
determined. For J3 = J1 + J2 − 1, m3 = −m1 −m2, we have
CJ2,−m2J1−1,m1,J3−1,m3 =
(−1)J1−1−m1N(J3 − 1, m3)
N(J1 − 1, m1)N(J2, m2) [m1J2 −m2(J1 − 1)], (9a)
N(J,m) =
√√√√(J −m)!(J +m)!
(2J − 1)! . (9b)
Notice that Ψ˜
(±)
J−1,m have spin (J − 1). We thus see that the last factor in eq. (9a) is the
structure constant of the area preserving diffeomorphism [17].
Our next task is to determine g(J1, J2). For this purpose, we consider the special case
m1 = −J1 + 2 and m2 = −J2. One finds
3
√
2(J1 − 1)Ψ˜(+)J1−1,−J1+2(z)Ψ˜(−)J1+J2−2,J1+J2−2(0)
=
∮
z
dξ
2pii
∮
z
dζ
2pii
∮
0
dη
2pii
(ξ − η)(ξ − z)−2J1+1(ξ − η)−2ξ2J1+2J2−2(ζ − η)−2,
×(ζ − z)2−2J1ζ2J1+2J2−3(z − η)2J1−1η−2J1−2J2+3z−2J2−1Ψ(−)J2,J2(0),
=
1
z
∮
1
dw
2pii
∮
1
dv
2pii
∮
0
du
2pii
(w − v)(w − 1)−2J1+1(w − u)−2w2J1+2J2−2(v − u)−2
×(v − 1)2−2J1v2J1+2J2−3(1− u)2J1−1u−2J1−2J2+3Ψ(−)J2,J2(0), (10)
where we have used the fact that the contraction < b(z)cˆ(w) >∼ w2/z2(z − w) because
the zero mode c0 is removed from c(w). The u-integration is then deformed to be winding
around u = v and w. We thus get
−1
z
∮
1
dw
2pii
∮
1
dv
2pii
1
(w − v)[(1− w)
2J1−1w−2J1−2J2+3 − (1− v)2J1−1v−2J1−2J2+3]
× ∂
2
∂w∂v
[(w − v)(w − 1)−2J1+1w2J1+2J2−2(v − 1)−2J1+2v2J1+2J2−3Ψ(−)J2,J2(0)
= − (2J1 + 2J2 − 3)!
(2J1 − 3)!(2J2 − 1)!Ψ
(−)
J2,J2(0). (11)
Combining eq. (11) with (8) and (9), we find
F =
(−1)J1−1−m1N(J3 − 1, m3)
N(J1 − 1, m1)N(J2, m2)
(2J3 − 1)!
(2J1 − 3)!(2J2 − 1)!
√
2J2(J1 − 1)(J3 − 1)
[m1J2−m2(J1−1)].
(12)
In principle, it should be possible to compute other OPEs, but we have not been able
to complete it. Here, instead of pursuing this line, let us directly compute the three point
functions involving these states. This is equivalent to computing all possible OPEs at
once. This also serves as a check of our above result.
It is easy to see that the only nonvanishing function is
< 0|Ψ(+)J2,m2(z1)c(z1)Ψ˜(+)J1−1,m1(z2)c(z2)Ψ˜(−)J1+J2−2,−m1−m2(0)c(0)|0 >, (13)
which will be a constant that has the same structure as the coefficient F in eq. (8). There
is no other coupling of those states with “tachyonic” states.
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To compute this, we again specialize to the case m1 = −J1 + 1 and m2 = −J2 + 1.
First we compute (13) with zero mode c0 included and then subtract the contribution
from c0. The first contribution (times
√
2J2) is given by
−
∮
z1
dw
2pii
∮
z2
dv
2pii
∮
0
du
2pii
(z1 − z2)2J1+J2−2z−2J1+11 z−2J22 (w − z1)−2J2(z1 − v)−2J2
×(z1 − u)2J2+1(w − v)(w − z2)−2J1+1(w − u)−2w2J1+2J2−2(v − z2)−2J1+1
×(v − u)−2v2J1+2J2−2(z2 − u)2J1u−2J1−2J2+2. (14)
At first sight, this appears to be SL2 non-invariant and hence depends on z1 and z2. We
will see that actually this gives a constant.‡
The contour integration over u is again deformed and one finds only the contribution
form u =∞. The result turns out to be
−
∮
z1
dw
2pii
∮
z2
dv
2pii
(z1 − z2)2J1+J2−2z−2J1+11 z−2J22 (w − v)(w − z1)−2J2(w − z2)−2J1+1
×w2J1+2J2−2(z1 − v)−2J2(v − z2)−2J1+1v2J1+2J2−2. (15)
We then perform the w-integration, which is deformed to be around w = z2 and ∞. The
contribution from w = z2 drops out because of symmetry and we are left with
−
∮
z2
dv
2pii
[2J2z + (2J1 − 1)z2 − v](z1 − v)−2J2(v − z2)−2J1+1v2J1+2J2−2. (16)
Performing the v integration, we finally get
− (2J1 + 2J2 − 2)!
(2J1 − 2)!(2J2 − 1)! , (17)
which is independent of z1 and z2.
The contribution from the zero-mode term, on the other hand, can be computed
similarly. Using the correlator of ghosts
< 0|c(z1)b(v)c(z2)c0uc(0)|0 >= uz
2
1z
2
2(z1 − z2)
v2(z1 − v)(v − z2) , (18)
‡This can be understood from the fact that (14) is made SL2 invariant by multiplying with
limZ→∞
Z−u
Z
= 1.
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we find it is given by
∮
z2
dw
2pii
∮
z2
dv
2pii
∮
0
du
2pii
(z1 − z2)2J1+J2−2z−2J1+21 z−2J2+12 (w − z1)−2J2(z1 − v)−2J2
×(z1 − u)2J2(w − v)(w − z2)−2J1+1(w − u)−2w2J1+2J2−2(v − z2)−2J1+1(v − u)−1
×v2J1+2J2−3(z2 − u)2J1−1u−2J1−2J2+2, (19)
which is SL2 invariant. By a similar procedure, one finds
− 2J2 (2J1 + 2J2 − 3)!
(2J1 − 2)!(2J2 − 1)! , (20)
Hence the three point correlation (12) for m1 = −J1 + 1 and m2 = −J2 + 1, which is
given by the difference of (17) and (20), is
− (2J1 + 2J2 − 3)!
(2J1 − 3)!(2J2 − 1)! , (21)
Comparing this with the general structure of the correlation, we find it is given precisely
by (12).
If we redefine the fields by
Ψ
(±)′
J,m (z) = −

N(J,m)(2J − 1)!
√
J
2


±1
Ψ
(±)
J,m(z),
Ψ˜
(+)′
J−1,m(z) = (−1)J−mN(J − 1, m)(2J − 3)!
√
J − 1
2
Ψ˜
(+)
J−1,m(z),
Ψ˜
(−)′
J−1,m(z) =

N(J − 1, m)(2J − 3)!(2J − 1)
√
J − 1
2


−1
Ψ˜
(−)
J−1,m(z), (22)
we get
< 0|Ψ(+)′J2,m2(z1)c(z1)Ψ˜(+)
′
J1−1,m1(z2)c(z2)Ψ˜
(−)′
J1+J2−2,−m1−m2(0)c(0)|0 >= m1J2 −m2(J2 − 1),
(23)
Therefore, introducing variables g
(s),A
J,m and g˜
(s),A
J−1,m (s = ±) for these states, the effective
action for the three-point interactions is given by
S3,gh = −g0
∑
J1,m1,J2,m2,A,B,C
[J2m1 − (J1 − 1)m2]fABC g˜(−),AJ1+J2−2,−m1−m2 g˜(+),BJ1−1,m1g(+),CJ2,m2
∫
dφ,
(24)
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where we have introduced the open string coupling constant g0 and the Chan-Paton index
A in the adjoint representation of a Lie group. This can be rewritten in terms of a field
defined as
Φ(φ, θ, ϕ) =
∑
s,A,J,m
TAg
(s)A
J,m M
s(J,m)DJm,0(ϕ, θ, 0)e
(sJ−1)φ,
Φ˜(±)(φ, θ, ϕ) =
∑
A,J,m
TAg˜
(±)A
J,m M
±(J,m)DJm,0(ϕ, θ, 0)e
(±J−1)φ, (25)
where Ms are normalization constants defined by
M+(J,m) =
(J − 1)!√
(2J − 1)!
N(J,m), M−(J,m) =
(−1)m
4pi
(2J + 1)
√
(2J − 1)!
(J − 1)!N(J,m) . (26)
Note that the fields with NNF 6= 0 have opposite statistics to those with NFP = 0. Using
the Poisson brackets for the rotation matrix [11]
{DJ1m10, DJ2m20}
= i
N(J3, m3)
N(J1, m1)N(J2, m2)
√√√√(2J1 − 1)!(2J2 − 1)!
(2J3 − 1)!
(J3 − 1)!
(J1 − 1)!(J2 − 1)!(J2m1 − J1m2)D
J3
m3,0
,
(27)
we finally obtain
S
(1)
3 = −2ig0
∫
dφe2φ
∫
S2
d2xεijTr
(
Φ˜(−)
∂Φ˜(+)
∂xi
∂Φ
∂xj
)
, (28)
where xi = (θ, ϕ). This action is essentially identical to that for the states with NFP = 0.
What is the physical meaning of this result? The form of the effective action reminds
us the similar structure in the BRST formulation of the nonabelian gauge theory [18].
Here similarly we suspect that the whole theory may have a BRST-like invariance in the
target space, just as in the string field theory. In fact, we can see the symmetry in the
present cubic action. For this purpose, it is convenient to write the action for the states
without ghost number in terms of the fields
Φ(±)(φ, θ, ϕ) =
∑
A,J,m
TAg
(±)A
J,m M
±(J,m)DJm,0(ϕ, θ, 0)e
(±J−1)φ. (29)
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The total action for the cubic terms is then
S3 = ig0
∫
dφe2φ
∫
S2
d2xεijTr
(
Φ(−)
∂Φ(+)
∂xi
∂Φ(+)
∂xj
− 2Φ˜(−)∂Φ˜
(+)
∂xi
∂Φ(+)
∂xj
)
, (30)
which is invariant under
δΦ(+) = λΦ˜(+), δΦ˜(−) = λΦ(−),
δΦ˜(+) = 0, δΦ(−) = 0. (31)
Note that this is a nilpotent transformation. This symmetry is similar to the transfor-
mation generated by the charge
Q ∼
∮
dz
2pii
b(z)e−(iX(z)+φ(z))/
√
2, (32)
which is the operator to create the states with ghost number from those without it
(see eq. (5)), except that this changes the spins of the states (for example, QΨ
(+)
J,m =
Ψ˜
(+)
J−1/2,m−1/2). The action can be written as
S3 = ig0
∫
dφe2φ
∫
S2
d2xεijδ
[
Tr
(
Φ˜(−)
∂Φ(+)
∂xi
∂Φ(+)
∂xj
)]
, (33)
It is then natural to conjecture that these “ghost degrees of freedom” play the role of
canceling part of the contribution from the NFP = 0 states, just as the Faddeev-Popov
ghosts. Indeed, Bershadsky and Klebanov [19] have computed the one-loop partition
function in c = 1 gravity and found that it contains the contribution only from the
primary fields of the form ei(pX+p¯X¯) (those for |m| = J and “tachyons”) because the
contribution of each special primary field with |m| ≤ J − 1 cancels with that of the
descendant of the previous one. To really check this possibility in our approach, we have
to examine the one-loop contribution by using the effective action.
We hope that our finding that the “ghost states” have nonvanishing correlations and
that they have the same structure as that of the NFP = 0 states will help to get further
insight into the theory.
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